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PREFACE

This material was originally prepared as Technical Memorandum
TC-83-72 under Project No. A75205, Subproject No. ZFXX212001,
"Statistical Communication with AppHcations to Sonar Signal Proc-
essing, " Principal Investigator, Dr. A. H. Nuttall, Code TC. The
sponsoring activity is Chief of Naval Material, Program Manager,
Dr. J. H. Huth. :

In view of the many requests for this material and its close rela-
tonship with TR4169, "Spectral Estimation by Means of Overlapped
Fast Fourier Transform Processing of Windowed Data, " it is being
reissued at this time as a stpplement to TR4169.

The Technical Reviewer for this reportis G. C. Carter, Code TF.

REVIEWED AND APPROVED: 11 Juiv 1975

| Y e
i W. A. Von Winkle
' J Director, Science & Technology

The author of this report is located at the New London
La®ciatory, Naval Underwater Systems Center,
~2w London, Connecticut 06320.
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ESTIMATION OF CROSS-SPECTRA V1A OVERLAPPED
FAST FOURIER TRANSFORM PROCESSING

INTRUDUCTYON

in% recent report (Ref. 1), the use of overlsp o’ Tmgt Fourler
transfurm (FFT! processing of windowsd data ot ¢ 'imsvics of suto~spectre
a5 thorcughis lnveatipited. It is now desired b Jitend these results to
estimmtion ¢f cropn-spectre. The mnthed of ovariapped FFT processing is
often used for cruse~spectral and coherence estimsllcn with good resuitls

{sea, for exszple, fef, 2}; here ww wigh Lo give analytical beck-up Lo its
optinality,

PROBLEM OEFINITION

Congider that siaticnary rexdom precesser x{t) ard y{t) have toun
obtserved for & time interval of [ secunds, 0<t =T, let the aulc-spectra
of the procosses At Crequency § be Gu(f) and € (1), respootively, and
let the {complex} ories-spectrub be &), The method of satimating the
cross-ppestrun i disgcvuened thoreughly on pages 2-4 of Ref, X, and wil!
nbl to repealed hibrwi e resder ig roferred t¢ that reference for nota-
vion, related post wurk, and »%unliﬂclu.ohn. We let w{i) dencte the
furdwrental data vindew, srd & the shift of eack succussive overispped
window, wnd defli.

LA w('l‘--%—(lt—l)S)L e s P (1)

where P iz tho tolsl nusber of overimpped segments fitting inte the 0,9
interval., The estinate of tha cross-gpectirur iz¢

S d Sxoeve,

W)
vhere
X, % rd A:g‘-.hﬂ}\'\mlﬁ.
f
Y‘ g\ LRls 5 u’("*“\‘“‘t’ on

"The continuiun versus dis:rete versions of (1) are discussed on page 4
of Ref. 1.)

The estima*e . . ir & compiex rendca varielis (RY) which it ir hered
viil approxinate *he true opope-spectrun @y {r' for sufficlerti; large P
and propgr choleoe of Lift S The protie e to evaiuste the stabtility of
the RV ',,a’ O, aned cytimige the stabtl t4y by choloe °f overiap. A ‘he

*Carets dot te rand = variabies, and irtegrair without limits are cver
the range I nene-gere {ntogrand.
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s time, ve wish o inveatigate the dependenca of the stakility oa the
fundanental parameters such as observation time T, desired freguancy
rescolution B, spectra §,{f}, G-a‘(f), &‘,,i:‘}“ ete,

FROBLEM SOLUTION
In Appendix A, the nean of RV &,,(’,.r) 1s determined to be

EY by - Sap ) (W) m
T G (AW = £, (45)

vhere
Wi e gﬂ nr(—-i'kﬂ)nm, ()

and ve have sssumed, with nc lons of generaiity, that SdIWiOY. i

The exact relsticn {§A) indicates that the mean fs equel to the convoiu-
tion of the truo spsotrun &u(f) with « spectral windou IWiN'.  (Destiable
sspects of windows ars dincussed un pages 10-18 of Ref. 1.) The approxi-
mation (4B} §s vaild when the frejuency width B of spectral window WS
is rarrover than the I'inest detaii in the irue apectrum &,(f). These
resuits are not restricted tc Gauasian processes, tut held for any station-

ery processes x{t) and ¢(17,
We nov define tne rerv-mean complex RV

0. G- efh ) - - &y, ®)

Thiz RY measures the tuviat.. n of the estimate of crosa-spectrum from {ts
true valus., In dprerdiz s, the € lowing twe relations areo dJemonstrated:

")
Q 0 - 'y ) b 5 i ! tayah
E\ij'“'rn : (:niﬁ*”iﬂé ,‘:"fi. U %)%Q\.(t 5\“ h {7A
- IO el \ | .
E? 3““} ¥ :_‘(“ v :‘E:‘ \!’ ‘%‘} sk{iS)r’ {78}
vhere
P e " Wit -, (8)

Thres argunnticns are required for o the validity of (7):  the processes
xit) and yi(t) are jcintly Umussian; the freguency f of Interest must be
greater than tanduwidth B of winiov IWHW: and tandvidth B must be iess

O e et -]

T R eV S5 S e
L S R SN

TS, S e ST

Ip e 8RR dne s Rl SRR AR
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than the narrowest detail in &n(f), fyg(f), and &,(f). (A case where B
is greater than the narrowest detail is discussed later.)

A measure of the stability of a XV is afforded bty its equivalent
number of degrees of freedom (EDF); see Ref. 3, p. 22. For a complex RV %,

we extend the definition te
2
E
EDF = 2 A\ ia}! T . (q)
| Ei\i- Eiz’;\ 1
The denominator of (9) could te interpreted as the variance of complex RY 2.

Interpreting & as G, (f), and using (4B), (6), (7a), (8), and Parseval's
Theorem, there fcllows for the EDF at frequency f,

eDF = |¥, 0 K, (10)
where
Ruyf) |
F = X s (11)
T2 s
and
2P

(12)

K== , T
= - 48] )

The quantity X“(f) is the complex coherence at frequency f of processes
x(t) and y(t). FEquation (10) indicates that the EDF at frequency f of RV
8,.(f) is given by the product of two factors, one frequency-dependent
scRely on the processes’ spectra (over which we have no control¥®), and the
other depending solely on the method of processing, btut being frequency-
independent. Specifically, K depends on the numter of pieces P in the
average (2), the shift S of each window in (1), and the autocorrelation
$,(T) of the window w(t). Furthermore, this factor K is precisely the
same quantity encountered in Ref. 1 as the EDF for auto-spectral estima-
tion. Therefore all the results of Ref. 1 on maximization of K bty choice
of shift S are immediately trought to bear on the present protlem of
cross-spectral estimation. Thus, the optimum choice of overlap for cross-
spectral estimation is identical to that for auto-spectral estimation.**

*Linear filtering of x(t) and/or y(t), such as pre-whitening, would
not affect ¥ (D" , and therefore not affect EDF. A related
observation on this aspect is made in Ref. 4, p. 379.

**More generally, since all the variances of the estimates in the following
sections depend inversely on K , maximization of K is appropriate,
regardless of the particular definition of stability.
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VARIANCES OF QUADRATURE COMPONENTS
OF CROSS-SPECTRUM ESTIMATE

The zero-mea.ri complex RV a(f) in (6) is the random error in
estimation of the cross-spectrum. The diagram in Fig. 1 depicts the

Im \ é-,j’ﬁj
EfG., Y}
[

RSB

Fig. 1. Complex Random Variatles in
Cross-Spectrum Estimation

relationships tetween the varicus complex RYs. Here

\
Pylp = ani&., Y (13)
is the true phase of the cross-spectrunm.

It is convenient to represent complex RV 5(f3 in terms of its
real and imaginary components,

g[\t\ :ﬁ_(_{\,nﬁm, (14)

as shown in Fig. 2. Also depicted are the projections of ?}(f) on a

T fi(#)

1%

Fig. 2. Projections of Random Error g(f)
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different roctangular coordinate system (&(f),B(f)) aligned with the
direction of the true phase P,.,(f‘) of the cross-spectrum. That is, we
also represent

§D -7y B)] = 204156), ()

where &(f) and B(f) are real. Ve note immediately that all the RVs in
(14) and (15) have zero mean; this follows from the definition (6).

In order to evaluate the covariances of these various quadrature
componentis, we first ncte from (7), (12), and the fact that dulo) has
been assumed unity, that '

eI} = 26,0 6,0/K, (164)
EL§IY = 2 64®/K. (16B)

Equation (16A) (or (74)) affords the interesting interpretation that the
average squared-length of the random error §(f) in the estimate of the
cross-spectrum is, in fact, indeperndent of the true cross-spectrum, tut
depends on the auto-spectra of *the two processes involved. (See also

(Al15) more generally.)
Substituting (14) in (16), there immediately follows

Cut!
E f{(‘; = [ Ga® 6, ) £ Re{6a0}] /K

[ 6 iy £ R 6, ) 7 T oY) /K
Gl &y )1 £ Ry O] /K, (174)
Infan W /K = 2 Re(6 8] Tmia ¥} /K

e{nge)

Gux ®) Gy T { Yy} /K. (175)

The quantities in (17) are the covariances of the real and imaginary parts
of the cross-spectrum estimate; that is, using (6) and (14),

Var [Re{ 6, 6Y) = ESF ),
Vor FlmT8,8] = € 3906}

Cov \-_Re E_é,&@'},‘[m?@r,&)}] = E %i ) ELH% . (18)
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Equations (17) and (18) are basically identical to Ref. 4, p. 378;
however, the scale factor K is different.

The prognct.;ons 4(f) and §(f) have simpler properties than £(f) and
i(f). From 15), (16), and (13), there follows

E{ gfm - G eyp el Ml /K

= G'“ ({’\ G\ﬂ(‘n[' * nu’“')r] /K)
Efpeie] = o (9

Thus the projections of the random error along and perpendicular to the
direction of the true phase of the cross—spectrum are uncorrelated.
Furthermore, the variance of the projection &(f) along the direction of
the true phase is always greater than or equal to the variance of the
projection &(f) perpendicular to the true phase. In fact, if the magnitude-
squared coherence is unity at some frequency f,, then the variance of B(£,)
is zero; in this case, all random fluctuations of a- (f,) lie along the
line with phase P,B(f‘,s in Fig. 1.

On the other hand, if the magnltude—squarnd coherence is zero at some
frequency f,, then the variances of a(f,) and t(f,) are equal; in this
case, the "scatter" of random perturbations g(f,) in Fig. 1 is a circle
centered at the origin.

Generally, the scatter of random perturtations is like an ellipse,
as depicted in Fig. 3, where the major axis of the ellipse lies on the line

T by ]

G

™) ReSgi)

Fig. 3. Scatter of Cross-Spectral Estimates

with phase Ry(f). If RYs &(f) and b(f) are Caussian, as they would be
(approx;unately) if K is large, then the elliptical diagram can be made
quantitative and interpreted as contours of iso-protatility.
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VARIANCES OF AMPLITUDE AND PHASE ESTIMATES

Estimates of the emplitude and phase of the cross-spectrum are
availaktle according to

bu®) = Ay erslifiyi0). | (20)

In order to estimate the means and variances of ﬁ,,(f) and ﬁijfﬁ, we
will assume that the scatter of points in Fig. 3 is small in comparison
with the distance out to the center of the ellipse. That is, using (9)
and (10), we will assume that

, Nl K> 1. (21)

This requires that the product of observation time and desired frequency
resolution be much larger than unity (Ref. 1), tut it also requires that
the magnitude~squared coherence not te too small at the frequency of
interest.

We first utilize (20), (6), and (15) to express

é.,j($) - [\ Gy @] + 210+ V)] ex[ip, @), (22)
Then
f\,‘_‘ ()= \ |Gy @] + 86 +i 3] (234)
¢ | g, 0| + W) (23B)
Pyl = Pyle)+ arg] | Gy + &0 +i b} (244)
= Pyl + _‘é%% . (223)

Equations (23A) and (24A) are actually exact, whereas (23B) and (24B)
require the assumption of {21). Combining (23B), (24B), ard (19), there
follows immediately

Var { A48} = [8a W60+ |68 /K
- G PGB+ 1%, 0] /K, (254)
A 1- ¥ O
Ay ¥ = 1 , \
/a ‘{?xa(#} PPk K (25B)
Covi A, Py = o. ' (25C)
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Thus the amplitude and phase estimates sre uncorrelated. The variance
of the phase estimate in {25B) is much smaller than unity, when we recall
that assumption (21) is necessary for (25) to be true; that is, the denom-
inator of (25B) must always be large. It should also be noticed that none
of the covariances in egs. (19) or (25) depend on the actual phase of the
cross~-spectrum, tut only on its magnitude. Some additional relatiocns on
the covariances of estimates of coherence are given in Ref. 4, pp. 378-9;
of course, the phase estimates of complex coherence and cross-spectrum are
identical.

' EFFECT OF CLOSELY. SPACED TONES

All the earlier results have presumed that the bandwidth B of the
spectral window WEY' is narrower than the finest detail in the spectra
b (£), Gy(f), and &, (f). We now consider a case where this is not so,
and investigate the variance of the cross-spectrum estimate.

Suppose the spectra are apprcximately pure tones:

Qxx(ﬂ ¥ -LPX[S(‘F’F:\ + S[; ¥ F')] )
Gy = 4R [1E-R) +1644)]. (26)

Then from (A27) in the anppendix,

=gl = 4nn e Wi [Tl [ v

which can be interpreted as the variance of the complex RV &y(7). Now
if \B-ﬂ\<8, and if the freyuency f of interest lies near or tetwesn fx and
fy, then the window functions in (27) are near their peak value Wlo). Also,
ir |6 -fy) < (2PS]" = (21)", then the bracketed term in (27) is near unity.
Then the variance in the cross-spectrum estimate is large; in fact, it has
the same value as for P=1, no averaging. Yet the true cross-gpectrum may
in fact be zero. Thus estimation of the cross-spectrum will ve in error,
even for a large TB product, in a frequency range near fy and fy. It should
te noted that this noisy estimation case requires the frequency separation
of the tones to be less than {2T)"', not (2L)"'; thus the tone separation must
be much closer than the fundamental resolution of B={(",

If the tone separation, on the other hand, satisfies lf,—f,l) (psy' = T",
then the variance of estimation is greatly reduced, as inspection of the
bracketed term in (27) indicates. In fact, (27) tecomes

EUTON 2 SRR WEpT [We-0 Prin-£)5]" i Hef) <65, (8

which has the desiratle P dependence on the number of pieces in the
average (2). Of course, when Ify-f}|> B, then the window functions in (27)
decay rapidly and indicate a greatly reduced variance, even if B is greater
than the finest detail in the spectra.

8
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APPENDIX A. DERIVATION OF MOMENTS
From (2),

E{&,6) - J,;é E{ Z.®Y. ¢, (41)

But from (3),

Efo(F) Y: (ﬂ} = “‘ &, dt, exp (—’ﬂrf &u"{b)‘"x Hﬁ)“’: (‘h) Rxg &T'{") > (a2)
where |
Ryy o) = E{xfy* (E-‘CE (43)

is the cross-correiation of x(t) and y(t). We are allowing all processes
and windows to te complex, for generality, and have utilized joint-station-
arity in (A3). The cross-spectrum of x(ts and y(t) is

Brg®) = (4T expleiznf DR 00, (a4)
Utilizing (A4) and (5) in (A2), there follows for (Al),

A 2
E{ij (@.} = far wa‘)lw(ﬁc')‘)‘ ] (45)
we have also employed the fact that
W, 0= W D exgiant (5 +6-39)] (46)
which follows from (1). Equation (A5) is the fundamental relat.on for

the mean of the cross-spectral estimate. However, when ® 1is less than
the finest detail in E,g(f),

EL G ] = G, B W0V = &8, (47)
upon setting (&t hWH#)=1,without loss of generality.

A
To evaluate the variance of &, (f), the foliowing steps are reguired:
\ b
from (2),

.
{1400 - 2 B WOXIOYH, (s2)

But the statistical average in (A8) is, using (3),

ESund = S0 at dbab dh el et -t b+ B w bW W, Bw ko)
- E{ xH) 3”'#:))("(%)3&—.)], (29)
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Further, the statistical average in (A9) is given by

i) = Ruy R 0+ Ry b IRy, et + R, )RS -4, (a10)
where we have sssumed that x(i) and y(t) are joint Gaussian, and have

defined Roh) = ELxOY &),
Ry )= EFyBF k),

6(,5 kY= E ?xle\y 4-1-‘5}, (A11)

(The last function in (All) is generaily different from (A3).) Dencting
the Fourier transforms of the three functions in (411) by &,(f), 67,”(1‘),
(f) respectively, in a manner similar to (A4), (Al0) tecomes

o Efisd = J f 4/* dv{ cxy&h‘pﬁ.—{‘jcﬂlﬂ Q)FE-Q-V“‘; )] 6?,, )
+ CxP[i l{,f,ﬂé‘r,,lr) exp[—%‘bv(ﬁ-ﬂ] Gy (9
4 0‘}[ { 2rp Fh—tvM ngﬂw H‘,-J:ﬂ ‘9'5(’)] (A12)

&, (f) and G— (f) must always te reall) Substituting (Al12) in (A9), there
follows

B = (Cauay (110 at ab bty explliont i ty+ 6w )wd o B )

By P83 0) e 2t -3 200 1]
+ Enlp) Gy ) opfi o 1<) i 20 (4,4
+ BB 0) e [ bt ool |

=({ep dw g 1 Gy VW, (F- R E- WS (F- W, (-9)
+ ex, ') G0 W AW (ESYWE ) Wa (B-9)
+ Doy DOZ O BN BN ()W (£ )]

10
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= (T do [Goy 1 6O WEE T W]
+ 6 b Gyy O W INEA] epli 2eS lx-mlp-)
+ By ﬁ):, DIWE- W E+)WEpIW (D) expli 2es (k) [yw)ﬂ

=} j’\d}a\ @,3 [}DiV\l(["l")r

¥ S.a{,» Gy IV E-T ol 20 -mp] [ a0 6, ) IWE - gl (o) s]
+ {4 Duy PN E-PIWIEs Pengl 2w edp ] (v Sngg BYN(E-IW (F03) expfi b (k-3 5], (A13)
Upon substitution of (413) in {A8), we ottain
el Goy ] - ’\ (o & HIWE -_;-)1’[’
5 ? {1896 PIWE A el e IS & Gy W erpl -2 (konhoS]
+{ap DWW B4 p) el i {-opS] v 3 INEAW o9 el h(r--)vs]}

LS E Y+ EDIp, (A14)

where we have used (€). If the frequency £ of interest is greater than the
tandwidth B of the window IWIP]', then W(f-p) and W(f+p) do not overlap on
the p-scale. Then

P . r
Eﬂﬁ"”‘} : %‘?_.,f"r S )| WE-)] explize(c-m)p S}
- (& B WE-) o [iamte-mp S]
- %%»(}— %‘Bgdr GIIO‘)}W{F'P)\:QWGH)‘S>
e Cpy ) NE) e (i 2mk0S), (115)

This is a general relation for Eilﬁ‘(ﬂﬂ ; it will be noticed to be independent
of cross-spectrum &"j(f)’ and depend only on auto-spectra G, (f) and G‘-”(f).

11
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Also, there is no need to know 2 (f).

If B is less tharn the narrowest detail in An(f) ana &y{f) near the
frequency f of interest, the integral on P in (A15) becomes approximately

G ® u?(ﬂw«— kS) $N kS), (A16)
and (Al5) yields

Nl = G & 0T kﬁ: (-E) a0l (417)

Since ; (f} is & complex RV, it is necessary also to evaluate the
quantity Ejfii} , irn addition to {A3), in order to complete the second-
order momen.3. Due to the similarity tc the derivations atove, the steps
will be precented in a more cursory fashicn.

114

FS Gk = “ > BTN OTON U} (A18)
Efucd = (1t ettt *w{-n«f&.—t&rh)]w,&)w:Lt-,)w,n,)w;' )
Efu y R xie) o ) (A19)

B = Ryl 0 -5 + bR (i) + Ry ) Ruy Lo

- [ dp o explimpttad 8y ) explizmolly- £ 6y )
+ evplide p -t G [P expli2ny (h-4)] WO
3 exp [l By (1) o [ 2w v )] G,,(v)} _ (A20)
Efi) = Ty 0] 6 (AN, E-PIW E- W, E-DNWIE-)
£ B 2n DN - We (F-W, [ W ()
By SO0 () W2 E W) W )

- [Tay dv[é? S OINE D w9\
D L DN AN ANE ) e Sty
+ By FryPIWNE-pWE (E-IWE- AW (7-) exr['?rsf\’ ) ]

12
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Yo/ fp 7
[ L9 A VW P\“J'

4—

rdr ,@ !,uyw {F‘}‘)W,ﬁ{'b}b exp_| i?:w - m)’d‘s] 'rdv,b * (V)\W{\t - );} W'*'?F-i ?) ‘?\r[-aw k- S]

+ dp &B(Q'\\J’F v' P\P'Qw k-wbrsj dy = Ty 9\‘\\"{ v\; px,[ |’2~n(k-..\p51 (A21)

E{ &:’ ) = Lfd}a ’a‘—,j’y\‘g‘y'?-}‘)‘;qz
+d 1> u,mj. far 2, W ,.}wg,,,.)e‘y[m(x...),,f}fapj W Lr)W'Q(w\e!r[-nr(r--)vﬂ
3 5:3‘}« Gy AW —P\T'»'::i:'« ‘- -D‘yS]fdv FIWE)] «{_ 2 Kem)? 5-3
E{ ﬁ‘:J + Eigtf“ (A22)
If f ic greater than B,

E?"LP"} ,,_1 S dp :r,J[ﬂ Wi- r\ !'"'(le2"’ l’-"ij

K- 1
. f‘dv .’;,3!}\ '[‘H' * -v\rm T ilv(r--.)vS]

P-4 N 7 \ 2 N\
N S R PO Y ; S
=3 )T . P *} ‘\3 P\“N ."}‘“‘ e J?ﬂ"(}'b)

. ]
1 g W] exp -1 2wkyS). (A23)

. a3 .
This ger.rali relation for 3 (ﬂ}de;ends or.ly on the cross-spectrun &,(f),
and not on the au*o—on ctra &,(f) and G—n(f‘). Also, there is no need %o
(
know A, (£) or Dyy{£) -

If B is less the narrowest detail in f(f) near the frequency f of
interest, the integralemp in [323) becomes apsroxma tely

x,,(ﬂ ex?(ilwfks} bo &9), (Az4)
and (A23) yields
E{ “’uﬂ] = r{\ ) P;L [-_‘_‘ﬂ.\.§¢> ;’ks\;" (Az%)
3M‘ - ) PY—-PH" P it
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For the raz- wh

where xit] and it} contain pure tones (eq. (26) of main
text), *the genwral relatin (A7) for EN§) takes on the following form:
first the intzgral eap tr L.~. ) is a:‘DI'OYL‘T'atPIJ
:\ v. ‘i" 7.
FRIWERY eplizkh S), (A26)

)t
PR R -\ ("‘
cf! j‘.r\l"l > LB R IWE-AL WER 3 2 - -—l) exp! (i .- £)5)

\
P

n e WA ) r’"’L‘f’ L3)

l?mn(r(f"f)S) )
using Ref. 6, (4.2} and {2.2); tuic reutlon Is used in (27).

(A27)
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